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SUMMARY
This study examined the use of a state-dependent Riccati equation (SDRE) for controller design
and analysis of cooperative manipulators. The connection of end-effectors when holding an object
imports constraint and complexity into the problem. Optimal load distribution (OLD) was used
to divide the load between arms using a desired rate and omitting Lagrange multipliers. General
dynamic structure, OLD formulation, and controller design are presented for an arbitrary number of
manipulators. State-dependent coefficient parameterizations for rigid and flexible joint manipulators
assuming friction for joints of them were investigated by two methods: controlling each robot
independently and an entire system of robots uniformly. The effectiveness of the method, a decrease
in errors, and increased stability in motion were also observed. The increase in the number of
manipulators greatly expanded the state vector of the system. The SDRE was able to address this
by simulation of four arms, each one possessing seven degrees of freedom (DoF). Analyses of a
practical model (Scout robot) consisting of two arms with three DoF were presented and the results
for connected arms and free arms were compared. The experimental data validated the simulation
results and indicated that cooperation definitely improves load-carrying capacity and precision of
trajectory tracking.

KEYWORDS: SDRE, Cooperative manipulators, SDC parameterization, Optimal load distribution,
Load-carrying capacity.

1. Introduction
The present study analyzed controller design of cooperative manipulators using a state-dependent
Riccati equation (SDRE). Cooperative robotics has many branches, including load-carrying, assembly,
welding, and master-slave systems. The present study focuses on robotic arms which hold an object
and carry it on a specified trajectory. Common applications for cooperative manipulators with
connected end-effectors include part assembling and load carrying. Changes in dynamics are expected
because contact with end-effectors influences mathematical modeling. The objective of assembly is
clear and without a connection with manipulators, the goal will not be achieved. The justification for
following question is important: why is it better to model, control, and analyze a system of robots
with complex dynamics and constraints instead of one stronger robot. No justification is required for
carrying objects with large geometries with respect to the size of the robot because the cooperation
of multiple arms increases stability in motion and load capacity. The problem is to justify usage of
two or more manipulators to carry a lumped mass (load of negligible size with respect to arms). The
present study found that cooperation increases load-carrying capacity, even for lumped mass loads.

Hayati et al. investigated the control of a dual arm mechanism as a master-slave system.1

Kokkinis proposed cooperative control of manipulators using the dynamic inversion method.2 Contact
between end-effectors generated additional constraint and redundancy was removed from the model
by introduction of the internal force produced by the object. Li developed motion control of a
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multi-arm robotic system using the optimal load distribution method.3 Optimization was carried out
using the Lagrange method by minimizing actuator energy consumption. Yun et al. studied control of
cooperative robotic systems with rolling constraints.4 The equation of the system was not input-state
linearizable, although input–output linearization was possible. Wen and Delgado proposed motion
and force control of multiple manipulators.5 Gao and Xiao showed the superiority of cooperation in
robotics by transporting large-sized objects.6

Lin and Tsi used impedance control for a dual arm mechanism.7 A neural network compensator
was also implemented to improve the design for unknown parameters. Yale and Agrawal applied a
Lyapunov-based controller for a constrained cooperative system.8 Liu and Chen proposed a robust
hybrid control of constrained robotic manipulators using decomposed equations.9 Previous studies
also addressed load distribution and trajectory planning for two redundant robots10 and for a flexible
joint ones.11

Ghasemi and Keshmiri used decentralized control of a dual-arm system to track a predefined
path.12 The system as a closed-chain mechanism was reduced to two degrees of freedom (DoF). A
simulation and experimental results were presented. Tavasoli et al. investigated two time-scale control
and observer design for trajectory tracking of two cooperating robotic manipulators moving a flexible
beam.13 Homaei and Keshmiri studied optimal trajectory planning for minimum vibration of flexible
redundant cooperative manipulators.14 Yagiz et al. employed a sliding mode control for a dual-arm
system.15 Rastegari and Moosavian investigated multiple impedance control of free-flying space
robots using virtual linkages.16 The frequent use of cooperative manipulators for load transportation
reveals the importance of this subject for carrying objects.17−19

Increasing load-carrying capacity was the motivation for using the cooperative robotic systems in
the present research. Dynamic load-carrying capacity (DLCC) was computed using the SDRE method
for manipulators, though none of them covered the issue of cooperation.20−22 Primary research on
dynamics (without control) for cooperation showed improvement in DLCC, but the complexity of
the control design resulted in analysis of a dual-arm robot without link connections.23 Korayem and
Nekoo used cooperative control by means of the SDRE controller for mobile robots.24 This current
paper studies the concept of cooperation more deeply with experimental validation in comparison
with.24 Considering cooperation for flexible joint manipulators and friction in the model is another
highlight of this current research.

Notation: �n presents the n-dimensional Euclidean space, �m×n is the set of m × n real matrices,
(·)T is transpose of a matrix, exp(·) denotes the exponential function, sgn(·) means the signum
function, (·)+ is generalized inverse (pseudo inverse) of a matrix. diag(·) means a diagonal matrix
with zero non-diagonal arrays, In×n and 0n×n are n × n identity and zero matrices with respect. The
lower case bold letters in the formulas are dedicated to vectors and the capital letter ones to matrices.

The remainder of this paper is assigned as follows. Section 2 presents the kinematics and dynamics
of cooperative manipulators. Section 3 proposes the controller design of them consisting of the SDC
parameterizations and the SDRE formulation. Simulations are gathered in Section 4 for various cases,
while Section 5 is devoted to experimental implementation. Finally, conclusions are summarized in
Section 6.

2. Kinematics and Dynamics of Cooperative Robots

2.1. Kinematics
Consider m manipulators holding and carrying mass of mp in an arbitrary, but predefined trajectory,
illustrated in Fig. 1. The only condition on trajectory is non-singularity of Jacobian matrices of robots.
Each arm possesses n DoF and obeys the Denavit–Hartenberg (D–H) convention with either revolute
or prismatic joints, the type of arms might be different.

Movement, trajectory, and coordinates of robots are measured with respect to main reference frame
Xo, Yo, Zo. Coordinates of center-of-mass (CoM) of the object is referred to Xe, Ye, Ze and Xi, Yi, Zi

is placed on each end-effector of the manipulators for i = 1, ..., m. Load is regarded as two forms:
(1) lumped mass and (2) distributed mass. First case considers the load without dimension; hence, the
trajectories of load and end-effectors (Xi, Yi, Zi = Xe, Ye, Ze) are similar. Orientation of grippers is
not needed for a lumped-mass load, as a result, minimum DoF of arms for trajectory design of planar
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Fig. 1. Schematic view of m manipulators as a cooperative system.

motion is two and for spatial motion is three. Distributed mass demands an object with geometry
represented by mass and moment of inertia. Moreover, the trajectory of load and end-effectors might
be different Xi, Yi, Zi �= Xe, Ye, Ze; hence, m + 1 trajectories must be designed which imposes more
complexity on the problem. Orientation of end-effector is necessary to carry an object with desired
rotational movement. Therefore, this type of system requires manipulators with higher number of
DoF. Following steps after trajectory design for cooperative manipulators are similar to independent
arms and could be followed-up with text books such as ref. [25]. Forward kinematics is computed
from transformation matrices and the D–H algorithm, while a definite closed-form answer is not
regarded for inverse kinematics.

2.2. Dynamics of rigid joint arms
Dynamic motion of an object is regarded as3

⎡
⎣ mpI3×3 | 03×3

− − −− | − − −−
03×3 | [

Ip

]
3×3

⎤
⎦

⎡
⎣ p̈e(t)

− − −
ω̇e(t)

⎤
⎦ +

⎡
⎣ mpg

− − − − − − −−
ωe(t) × (

Ipωe(t)
)
⎤
⎦ = −fe(t), (1)

where I3×3 is identical matrix of 3 × 3, Ip is inertial matrix of the object, mp is mass of the
object, p̈e(t) = [ Ẍe(t) Ÿe(t) Z̈e(t) ]T denotes acceleration vector in reference coordinates, ωe(t)
is angular velocity, and ω̇e(t) is angular acceleration vector. The first three rows of Eq. (1) present
Newton’s second law and the second three rows of Eq. (1) denote Euler’s rotation equations generated
from derivative of angular momentum with respect to time He(t) = Ipωe(t). Gravity vector is shown
by g, i.e. g = [ 0, 0, g0 ]T expresses that there is gravity acceleration in Ze direction. External
force fe(t) ∈ �6×1 caused by the object must be divided between manipulators fe(t) = ∑m

i=1 fe,i(t) to
assign fe,i(t) to each arm.

Considering the generalized coordinates of an arbitrary n-DoF robot as qi(t) =
{θi,1(t), ..., di,j (t), ..., θi,n(t)}, the equation of motion of the ith arm is written:

Mi(qi)q̈i + ci(qi , q̇i) + gi(qi) + bi(q̇i) = ui + JT
i (qi)fe,i , (2)

where Mi(qi(t)) is n × n inertia matrix, ci(qi(t), q̇i(t)) is n × 1 Coriolis and centrifugal force vector,
gi(qi(t)) is n × 1 gravity vector, bi(q̇i(t)) presents n × 1 friction vector, ui(t) ∈ �n×1 denotes input
vector (f (t) is for prismatic actuator and τ (t) is for rotational one), and Ji(qi(t)) is 6 × n Jacobian
matrix. Friction force of j th link of ith manipulator is25

bi,j (q̇i,j (t)) = bv
i,j q̇i,j (t) + sgn(q̇i,j (t))

[
bd

i,j + (bs
i,j − bd

i,j ) exp

(
− ∣∣q̇i,j (t)

∣∣
ε

)]
, (3)
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for 1 < i < m and 1 < j < n. bv
i,j is viscous friction, bd

i,j is dynamic friction, bs
i,j shows static

friction, and ε is a small positive constant.
The trajectory is predefined, hence Eq. (1) is a known equation, but the values of fe,i(t) are

unknown. To solve this problem and divide fe(t) between robots, optimal load distribution method is
presented. Extracting fe,i(t) from Eq. (2):

fe,i = (
JT

i (qi)
)+

[Mi(qi)q̈i + ci(qi , q̇i) + gi(qi) + bi(q̇i) − ui] , (4)

and defining Lagrangian3:

L(u, γ ) = 1

2

m∑
i=1

uT
i Q̄iui

+ γ T

{
m∑

i=1

(
JT

i (qi)
)+

[Mi(qi)q̈i + ci(qi , q̇i) + gi(qi) + bi(q̇i) − ui] − fe,i

}
, (5)

one may implement the OLD with regard to constraint (4) as follows. Generalized inverse “+” will
be changed to inverse whenever Ji(qi(t)) is a square matrix. Q̄i defines the weight of load distribution
and γ (t) ∈ �6×1 is Lagrange multipliers vector. Using necessary condition for optimality,

∂L(u(t), γ (t))

∂ui(t)
= Q̄iui(t) −

[(
JT

i (qi(t))
)+]T

γ (t) = 0, (6)

results in the input law of ith arm

ui(t) = Q̄−1
i

[(
JT

i (qi(t))
)+]T

γ (t). (7)

Substituting Eq. (7) into Eq. (4) and calculating fe(t) =
m∑

i=1
fe,i(t) and then extracting γ (t), result

in

γ =
(

m∑
i=1

(
JT

i (qi)
)+

Q̄−1
i

[(
JT

i (qi)
)+]T

)−1

×
[{

m∑
i=1

(
JT

i (qi)
)+

[Mi(qi)q̈i + ci(qi , q̇i) + gi(qi) + bi(q̇i)]

}
− fe

]
. (8)

Finally, substituting Eq. (8) in Eq. (7) provides the unknown of the problem (contribution of each
arm):

fe,i = (
JT

i (qi)
)+

[
Mi(qi)q̈i + ci(qi , q̇i) + gi(qi) + bi(q̇i) − Q̄−1

i

[(
JT

i (qi)
)+]T

γ

]
. (9)

The term q̈i(t) in Eq. (9) is computable by taking derivative of [ṗT
e (t), ωT

e (t)]T = Ji(qi(t))q̇i(t) with
respect to time and extracting q̈i(t) = [Ji(qi(t))]+([p̈T

e (t), ω̇T
e (t)]T − J̇i(qi(t))q̇i(t)). Movement and

rotation of the object in Cartesian coordinates [p̈T
e (t), ω̇T

e (t)]T are available; however, q̈i(t) is unknown
vector with regard to the presence of error in controllers. Therefore, minimum trajectory-tracking
error is necessary to validate the results of computation. With regard to high accuracy tracking of the
SDRE controller, the proposed assumption will be satisfied.

Obtaining the pattern of load distribution between robots, controller design of entire system is
pursued. The dynamic equation of entire system is in the form of

M(q)q̈ + c(q, q̇) + g(q) + b(q̇) = u + JT (q)f̄e, (10)
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where q(t) = {q1(t), ..., qm(t)}, u(t) = {u1(t), ..., um(t)}, f̄e(t) = {fe,1(t), ..., fe,m(t)}, and

M(q(t)) =

⎡
⎢⎢⎢⎢⎢⎢⎣

M1(q1(t)) 0 · · · 0 0

0
. . . 0 · · · 0

... 0 Mi(qi(t)) 0
...

0 · · · 0
. . . 0

0 0 · · · 0 Mm(qm(t))

⎤
⎥⎥⎥⎥⎥⎥⎦

mn×mn

,

c(q(t), q̇(t)) =

⎡
⎢⎣

c1(q1(t), q̇1(t))
...

cm(qm(t), q̇m(t))

⎤
⎥⎦

mn×1

, g(q(t)) =

⎡
⎢⎣

g1(q1(t))
...

gm(qm(t))

⎤
⎥⎦

mn×1

,

b(q̇(t)) =

⎡
⎢⎣

b1(q̇1(t))
...

bm(q̇m(t))

⎤
⎥⎦

mn×1

,

J(q(t)) =

⎡
⎢⎢⎢⎢⎢⎢⎣

J1(q1(t)) 0 · · · 0 0

0
. . . 0 · · · 0

... 0 Ji(qi(t)) 0
...

0 · · · 0
. . . 0

0 0 · · · 0 Jm(qm(t))

⎤
⎥⎥⎥⎥⎥⎥⎦

6m×mn

.

2.3. Dynamics of flexible joint arms
The flexibility in joints is only assumed in the direction of actuation. Considering this assumption,
DoF of system will be doubled in size. The schematic view of a system of flexible-joint robots with
either prismatic or revolute joint is presented in Fig. 2. Flexibility of joints in mathematical models
might have come from a spring between motor and link of a real system which is rare in industrial
mechanisms and robots. However, the common point of view for this consideration is replacement of
the effects of connections, gearbox, and magnetic adhesion of motors in real systems with an equal
mass and spring in theoretical models.22 The j th rotor’s moment of inertia of ith robot, and the same
address for mass are named as Ji,j and mJ

i,j ; spring constant of that is also k̃i,j .
Generalized coordinates of ith arm with flexible joints are presented as qi(t) = {ql

i(t), qm
i (t)} in

which ql
i(t) = {qi,1(t), ..., qi,n(t)} is related to links and qm

i (t) = {qi,n+1(t), ..., qi,2n(t)} is concerned
with actuators. Dimension of generalized coordinate is doubled since an independent motion is
considered for each one of the actuators. Hence, two coupled differential equations present the
dynamics of the system:

Mi(ql
i)q̈

l
i + ci(ql

i , q̇l
i) + gi(ql

i) + bi(q̇l
i) + k̄i(ql

i , qm
i ) = JT

i (ql
i)fe,i , (11)

diag(Ji,1, ..., m
J
i,j , ..., Ji,n)q̈m

i − k̄i(ql
i , qm

i ) = ui , (12)

where

k̄i(ql
i(t), qm

i (t)) =

⎡
⎢⎣

k̃i,1(qi,1(t) − qi,n+1(t))
...

k̃i,n(qi,n(t) − qi,2n(t))

⎤
⎥⎦ ,
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Fig. 2. Schematic view of m flexible-joint manipulators as a cooperative system.

is coupling vector of the two equations. Matrix and vectors in Eq. (11) are similar to the ones in
rigid joint case; therefore, it is not necessary to execute Lagrange method (to derive dynamics) for
flexible joint model. In order for applying the OLD method, Eq. (12) must be substituted in Eq. (11)
by omitting k̄i(ql

i(t), qm
i (t)):

Mi(ql
i)q̈

l
i + ci(ql

i , q̇l
i) + gi(ql

i) + bi(q̇l
i) + diag(Ji,1, ..., m

J
i,j , ..., Ji,n)q̈m

i = JT
i (ql

i)fe,i + ui . (13)

Vector fe(t) should be divided between arms (fe,i(t)) to define load distribution via Lagrange
multipliers method; as a result, fe,i(t) is extracted from Eq. (13):

fe,i = [
JT

i (ql
i)
]+

× (
Mi(ql

i)q̈
l
i + ci(ql

i , q̇l
i) + gi(ql

i) + bi(q̇l
i) + diag(Ji,1, ..., m

J
i,j , ..., Ji,n)q̈m

i − ui

)
. (14)

Shaping the Lagrangian

L(u, γ ) = 1

2

m∑
i=1

uT
i Q̄iui

+ γ T

{
m∑

i=1

[
JT

i (ql
i)
]+

(
Mi(ql

i)q̈
l
i + ci(ql

i , q̇l
i) + gi(ql

i) + bi(q̇l
i)

+diag(Ji,1, ..., m
J
i,j , ..., Ji,n)q̈m

i − ui

)
− fe,i

}
, (15)

and employing Eq. (6), results in control law

ui(t) = Q̄−1
i

[(
JT

i (qi(t))
)+]T

γ (t). (16)

Substituting Eq. (16) into Eq. (14) provides γ (t) as

γ =
(

m∑
i=1

[
JT

i (ql
i)
]+ × Q̄−1

i

[(
JT

i (qi)
)+]T

)−1

×
[{

m∑
i=1

[
JT

i (ql
i)
]+

(
Mi(ql

i)q̈
l
i + ci(ql

i , q̇l
i) + gi(ql

i)
+bi(q̇l

i) + diag(Ji,1, ..., m
J
i,j , ..., Ji,n)q̈m

i

)}
− fe

]
, (17)
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and finally, distributed vector for each arm is computable by

fe,i = [
JT

i (ql
i)
]+

(
Mi(ql

i)q̈
l
i + ci(ql

i , q̇l
i) + gi(ql

i)

+bi(q̇l
i) + diag(Ji,1, ..., m

J
i,j , ..., Ji,n)q̈m

i − Q̄−1
i

[(
JT

i (qi)
)+]T

γ

)
. (18)

Dynamics of entire system is presented as

M̃(q)q̈ + c̃(q, q̇) + g̃(q) + b̃(q̇) + k̃(q) = Euu + Ef JT (q)f̄e, (19)

in which modified variables are q(t) = {ql
1(t), ..., ql

m(t), qm
1 (t), ..., qm

m(t)}, u(t) = {u1(t), ..., um(t)},
and f̄e(t) = {fe,1(t), ..., fe,m(t)}, but J(q(t)) is similar to rigid-joint case. Matrices Eu =

[
0mn×mn

Imn×mn

]
and

Ef =
[

Imn×mn

0mn×mn

]
provide the connections between inputs, external force, and dynamics of system.

Matrix and vectors of the system are also as follows:

M̃(q(t)) =
[

Mmn×mn(q(t)) 0
0 diag(Ji,1, ..., m

J
i,j , ..., Ji,n, ......, Jm,1, ..., m

J
m,j , ..., Jm,n)

]
2mn×2mn

,

c̃(q(t), q̇(t)) =
[

c(q(t), q̇(t))
0

]
2mn×1

, g̃(q(t)) =
[

g(q(t))
0

]
2mn×1

, b̃(q̇(t)) =
[

b(q̇(t))
0

]
2mn×1

,

k̃(q̇(t)) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

k̄1(ql
1(t), qm

1 (t))
...

k̄m(ql
m(t), qm

m(t))
− − − − − − − − −−

−k̄1(ql
1(t), qm

1 (t))
...

−k̄m(ql
m(t), qm

m(t))

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

2mn×1

.

3. Structure of the SDRE Controller

3.1. State-space form and SDC parameterization of rigid joint case
According to Eq. (10), the state vector of cooperative system is considered

x(t) = [qT
1 (t), ..., qT

m(t), q̇T
1 (t), ..., q̇T

m(t)]T2mn×1, (20)

in which qi(t) = [θi,1(t), ..., di,j (t), ..., θi,n(t)]T . The state vector (20), leads to state-space
representation of system:

ẋ(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

q̇1(t)
...

q̇m(t)
− − − − − − − − − − − − − − − − − − − − − − − − − − − − −

M−1
1 (q1)

{
u1 + JT

1 (q1)fe,1 − c1(q1, q̇1) − g1(q1) − b1(q̇1)
}

...
M−1

m (qm)
{
um + JT

m(qm)fe,m − cm(qm, q̇m) − gm(qm) − bm(q̇m)
}

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

2mn×1

. (21)
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The state-dependent coefficient parameterization must be done to prepare A(x(t)) and B(x(t))
matrices, to reach the standard form of ẋ(t) = A(x(t))x(t) + B(x(t))u(t). Regarding friction of joints
in dynamics, and increased dimension of system, different SDC matrices were obtained rather than
refs. [21, 22]. Two viewpoints exist for SDC design: (1) computing Ai(x(t)) and Bi(x(t)) for each
arm and therefore obtaining independent gain Ki(x(t)) for each one of the robots; (2) structuring
A(x(t)) and B(x(t)) for entire system and designing one control gain K(x(t)) for the whole system.
The relations of Ai(x(t)), Bi(x(t)), and Ki(x(t)) with A(x(t)), B(x(t)), and K(x(t)) are investigated.

The SDC matrices for case (1) are as follows:

Ai(x(t)) =
[

0n×n In×n

0n×n −M−1
i (x(t))

[
C̄i(x(t)) + diag(bv

i,1, ..., b
v
i,n)

]]
2n×2n

, (22)

Bi(x(t)) =
[

0n×n

M−1
i (x(t))

]
2n×n

, (23)

where C̄i(x(t)) = C̄i(qi(t), q̇i(t)) is found from ci(qi(t), q̇i(t)) = C̄i(qi(t), q̇i(t))q̇i(t). The terms that
cannot be factored in SDC matrices are added to control law:

uadd
i (t) = gi(x(t)) + bSDC

i (x(t)) − JT
i (x(t))fe,i(t), (24)

in which

bSDC
i (x(t)) =

⎡
⎢⎢⎢⎣

sgn(q̇i,1(t))
[
bd

i,1 + (bs
i,1 − bd

i,1) exp
(−|q̇i,1(t)|

ε

)]
...

sgn(q̇i,n(t))
[
bd

i,n + (bs
i,n − bd

i,n) exp
(−|q̇i,n(t)|

ε

)]
⎤
⎥⎥⎥⎦ . (25)

The reason for inserting gi(x(t)), bSDC
i (x(t)), and JT

i (x(t))fe,i(t) to input law is incapability of
factorization. Eligibility of this operation was analyzed and tested several times i.e. refs. [21, 22].
Dividing the arrays to states is another way to propose the SDC matrices; however, it might lead to
singularity when states possess zero value x(t) = 0.21

The second case of SDC design (structuring A(x(t)) and B(x(t)) for entire system) provides a more
complex presentation with different form. The SDC matrices for entire system are

A(x(t)) =
[

0mn×mn Imn×mn

0mn×mn Wr (x(t))

]
2mn×2mn

, (26)

B(x(t)) =
[

0mn×mn

M−1(x(t))

]
2mn×mn

, (27)

in which

Wr (x(t)) =

⎡
⎢⎢⎢⎢⎢⎢⎣

Wr
1(x(t)) 0 · · · 0 0

0
. . . 0 · · · 0

... 0 Wr
i (x(t)) 0

...

0 · · · 0
. . . 0

0 0 · · · 0 Wr
m(x(t))

⎤
⎥⎥⎥⎥⎥⎥⎦

, (28)
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and Wr
i (x(t)) = −M−1

i (x(t))[C̄i(x(t)) + diag(bv
i,1, ..., b

v
i,n)] are held. The corrective terms of control

law are also added to input vector:

uadd (t) =

⎡
⎢⎣

uadd
1 (t)

...
uadd

m (t)

⎤
⎥⎦ . (29)

Relation of sub-matrices of A(x(t)) and B(x(t)) do not simply follow diagonal form: A(x(t)) �=
blockdiag(A1(x(t)), ..., Am(x(t))) and B(x(t)) �= blockdiag(B1(x(t)), ..., Bm(x(t))). If one partitions
Ai(x(t)) and A(x(t)) to four sub-blocks, each sub-block of Ai(x(t)) is transferred to same part of
A(x(t)) in diagonal pattern:

(30)

Similar to Eq. (30), relation of Bi(x(t)) and B(x(t)) can be presented as

(31)

For example, a system of two manipulators, each one three-DoF, results in

Ai(x(t)) =
⎡
⎣03×3 | I3×3

− − − − − − − − − − − − − − − − − − − − − − − − −−
03×3 | −M−1

i (x(t))
[
C̄i(x(t)) + diag(bv

i,1, ..., b
v
i,n)

]
⎤
⎦ ; i = 1, 2;

⇒ A(x(t)) =
⎡
⎣06×6 | I6×6

− − − − − − − − − − −
06×6 | T6×6(x(t))

⎤
⎦ ,

where

T6×6

=
[−M−1

1 (x(t))
[
C̄1(x(t)) + diag(bv

1,1, ..., b
v
1,n)

]
03×3

03×3 −M−1
2 (x(t))

[
C̄2(x(t)) + diag(bv

2,1, ..., b
v
2,n)

]].

And the similar approach constructs:

B(x(t)) =
[

06×6

M−1(x(t))

]
12×6

,

in which

M(x(t)) =
[

M1(x(t)) 03×3

03×3 M2(x(t))

]
.

3.2. State-space form and SDC parameterization of flexible joint case
The arrangements of state vector have more options in this case. Simplicity and systematic design
were the main reasons for SDC parameterization of this section. With respect to Eq. (19), state vector
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is selected as

x(t) = [
(
ql

1(t)
)T

, ...,
(
ql

m(t)
)T

,
(
qm

1 (t)
)T

, ...,
(
qm

m(t)
)T

,(
q̇l

1(t)
)T

, ...,
(
q̇l

m(t)
)T

,
(
q̇m

1 (t)
)T

, ...,
(
q̇m

m(t)
)T

]T4mn×1,
(32)

where ql
i(t) and qm

i (t) are related to coordinates of links and actuators with respect. Equation (32)
produces state-space representation of Eq. (19) in the form of

ẋ(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

q̇l
1(t)
...

q̇l
m(t)

q̇m
1 (t)
...

q̇m
m(t)

− − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − −
M−1

1 (ql
1)

(
JT

1 (ql
1)fe,1 − c1(ql

1, q̇l
1) − g1(ql

1) − b1(q̇l
1) − k̄1(ql

1, qm
1 )

)
...

M−1
m (ql

m)
(
JT

m(ql
m)fe,m − cm(ql

m, q̇l
m) − gm(ql

m) − bm(q̇l
m) − k̄m(ql

m, qm
m)

)
diag

(
1

J1,1
, ..., 1

mJ
1,j

, ..., 1
J1,n

) (
u1 + k̄1(ql

1, qm
1 )

)
...

diag
(

1
Jm,1

, ..., 1
mJ

m,j

, ..., 1
Jm,n

) (
um + k̄m(ql

m, qm
m)

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

4mn×1

.

(33)
Similar methods to Section 3.1 are considered to separate Eq. (33) in apparent linearization (or

SDC) form. First case has following structure:

Ai(x(t)) =
[

02n×2n I2n×2n

Wf 1
i (x(t)) Wf 2

i (x(t))

]
4n×4n

, (34)

Bi(x(t)) =
[

03n×n

diag
(

1
Ji,1

, ..., 1
mJ

i,j

, ..., 1
Ji,n

)]
4n×n

, (35)

where

Wf 1
i (x(t))

=

⎡
⎢⎣

−M−1
i (ql

i(t))diag
(
k̃i,1, ..., k̃i,n

) | M−1
i (ql

i(t))diag
(
k̃i,1, ..., k̃i,n

)
− − − − − − − − − − − − − − − − − | − − − − − − − − − − − − − − − − −

diag
(

k̃i,1

Ji,1
, ...,

k̃i,j

mJ
i,j

, ...,
k̃i,1

Ji,n

)
| −diag

(
k̃i,1

Ji,1
, ...,

k̃i,j

mJ
i,j

, ...,
k̃i,1

Ji,n

)
⎤
⎥⎦ ,

(36)

Wf 2
i (x(t)) =

[−M−1
i (x(t))

[
C̄i(x(t)) + diag(bv

i,1, ..., b
v
i,n)

]
0n×n

0n×n 0n×n

]
. (37)

Additional terms for control law are similar to Eq. (24). Second case requires

A(x(t)) =
[

02mn×2mn I2mn×2mn

Wf 1(x(t)) Wf 2(x(t))

]
4mn×4mn

, (38)
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B(x(t)) =
[

03mn×mn

diag
(

1
Ji,1

, ..., 1
mJ

i,j

, ..., 1
Ji,n

, ..., 1
Jm,1

, ..., 1
mJ

m,j

, ..., 1
Jm,n

)]
4mn×mn

, (39)

in which

Wf 1(x(t)) =
⎡
⎣ −Wk(x(t)) | Wk(x(t))

− − − − −− | − − − − −−
WJ | −WJ

⎤
⎦ , (40)

Wf 2(x(t)) =
[

Wr (x(t)) 0mn×mn

0mn×mn 0mn×mn

]
, (41)

Wk(x(t)) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Wk
1(x(t)) 0 · · · 0 0

0
. . . 0 · · · 0

... 0 Wk
i (x(t)) 0

...

0 · · · 0
. . . 0

0 0 · · · 0 Wk
m(x(t))

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

, (42)

WJ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

WJ
1 0 · · · 0 0

0
. . . 0 · · · 0

... 0 WJ
i 0

...

0 · · · 0
. . . 0

0 0 · · · 0 WJ
m

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

, (43)

and moreover, Wk
i (x(t)) = M−1

i (ql
i(t))diag(k̃i,1, ..., k̃i,n) and WJ

i = diag( k̃i,1

Ji,1
, ...,

k̃i,j

mJ
i,j

, ...,
k̃i,1

Ji,n
) are held.

The relations of sub-matrices are similar to the ones in Section 3.1.

3.3. Clustering of terms in control input
In this subsection, the effect of clustering of terms, Eq. (24), in optimal control law (51), and the
effect of that on the optimality of cost function (50) are analyzed and discussed, since if important
dynamics or non-linearities are being clustered and probably being cancelled through state-feedback,
the resulting inputs may not be optimal. First, let us revisit the reason for excluding the terms gi(x(t)) ,
bSDC

i (x(t)) and −JT
i (x(t))fe,i(t) from SDC matrices. The gravity, a part of friction vector, and Jacobian

matrix do not have a term or state that could be factored to be fit in the SDC matrices (22) or (26),
they are combinations of trigonometric functions most of the times. First problem is that even if we
replace the “cosine” function with its Taylor series expansion form, we will face a shift in the control

law when a constant remains out of SDC matrices; e.g.cos(x1(t)) = 1 − x2
1 (t)
2! + x4

1 (t)
4! − · · · , where

the factored form is cos(x1(t))x1(t) = ( 1
x1(t) − x1(t)

2! + x3
1 (t)
4! − · · ·)x1(t), that produces 1

x1(t) in the SDC
form which enforces singularity situation at the origin. The second problem is the lack of accuracy
when we use Taylor expansion.

Dividing arrays to states to shape the SDC matrices is always an option that has the chance of
singularity in the design at the origin x(0) = 0 . Here in this research, the control problem is limited to
trajectory tracking and as a result, we can use this kind of SDC parameterization when we are sure the
trajectory in joint space of the robot does not meet the origin for each link. This situation (x(0) �= 0)
is very common and may happen in lots of trajectories. So the following matrix is introduced to
fully include all the dynamics in the SDC design for checking the optimality of the proposed SDC
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in Eq. (22):

Aopt
i (x(t)) =

[
0n×n In×n

�n×n(x(t)) −M−1
i (x(t))

[
C̄i(x(t)) + diag(bv

i,1, ..., b
v
i,n)

]]
2n×2n

, (44)

in which

�n×n(x(t)) = diag

(
uadd

i,1 (t)

qi,1(t)
, · · · ,

uadd
i,n (t)

qi,n(t)

)
(45)

holds and adds all the terms in SDC. This point of view expresses more design variations for cases that
some states meet zero. In that event, we can divide the states to just one state that is not facing zero
value; for example, if x1(t) was a safe state such that x1(t) �= 0, the �(x(t)) in Eq. (44) is desirable in
the other form of

�n×n(x(t)) =

⎡
⎢⎢⎢⎢⎢⎣

uadd
i,1 (t)

qi,1(t) 0 · · · 0
uadd

i,2 (t)
qi,1(t) 0 · · · 0

...
...

. . .
...

uadd
i,n (t)

qi,1(t) 0 0 0

⎤
⎥⎥⎥⎥⎥⎦ . (46)

This SDC design in Eq. (44) is optimal and the effect of gravity, friction, and external force is
weighed by weighting matrices Q(x(t)) and R(x(t)) . On the contrary, the control gain resulting from
SDC designs (22) and (26) neglects gravity, friction, and external force, and these terms are added
to control law (51). This action makes the control suboptimal and balances the non-linearities in
dynamical system without any weight. Concluding remarks are as follows:

• The tuning of the optimal SDC (44) is harder than the general SDC form (22) or (26), since more
terms are presented the SDC matrices.

• Gravity, friction, and the external force are functions of joint space variation (linear or angular
movement) not velocities and weighting them increase the input torque or force.

• The optimal SDC has the problem of singularity and the form is not general, moreover, the
trajectory tracking case is only executable. So the point-to-point motion (regulation) is out of
reach with optimal SDC design.

• Excluding gravity, friction, and the external force from SDC and adding them to control law (such
as Eq. (56)) changes the controller from optimal to suboptimal state.

• The control signals based on optimal SDC start from zero with a sudden jump to necessary value
of control law; however, the control signals of Eq. (56) start from the necessary value of control
law, uadd(t) , without any jump.

More analysis on optimality will be presented in simulation section, and two SDC designs which
are presented in this work can be used based on the trajectory in joint space.

3.4. Formulation of the SDRE controller
State-space equation of systems must be separated in the following from to design the controller:

ẋ(t) = f(x(t)) + g(x(t), u(t)), (47)

where x(t) ∈ �n̄ is state vector of system, u(t) ∈ �m̄ is input vector, f(x(t)) : �n̄ → �n̄, and
g(x(t), u(t)) : �n̄ × �m̄ → �n̄ are held in which n̄ denotes number of states and m̄ represents number
of inputs and t stands for time. Initial condition is x(0) = x0 and equilibrium point is defined as
f(0) = 0. f(x(t)) and g(x(t), u(t)) are vector-valued functions, smooth piecewise continuous which
satisfy the Lipschitz condition. f(x(t)) and g(x(t), u(t)) do not have any explicit terms of t (time),
although they might have several non-linear functions of x(t). Next step of design is state-dependent
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coefficient parameterization

f(x(t)) = A(x(t))x(t), (48)

g(x(t), u(t)) = B(x(t))u(t), (49)

where A(x(t)) : �n̄ → �n̄×n̄ and B(x(t)) : �n̄ → �n̄×m̄. The SDC forms for two cases of rigid and
flexible joint arm was presented in Sections 3.1 and 3.2. Proper selection of n̄ and m̄ is necessary for
the rest of the design.

The pair of {A(x(t)), B(x(t))} is a controllable (stabilizable) parameterization of non-linear system
(47) for all x(t) in t ∈ �+, if this pair is controllable (stabilizable) in linear sense. In other words, pair
of {A(0), B(0)} must satisfy controllability condition provided that any terms will not violate that in
t ∈ �+.21,22 Considering proposed assumption, rank of controllability matrix

MC = [ B AB A2B · · · An−1B ],

must be full to warrant the solvability of the Riccati equation.
The optimal control problem is defined by minimizing of the cost function presented in the

following integral:

J = 1

2

∞∫
0

{xT (t)Q(x(t))x(t) + uT (t)R(x(t))u(t)}dt, (50)

where Q(x(t)) : �n̄ → �n̄×n̄ is weighting matrix for states and R(x(t)) : �n̄ → �m̄×m̄ is weighting
matrix for inputs. The weighting matrix for states has to be set in a way to satisfy the observability
condition for the pair of {A(x(t)), Q1/2(x(t))} as a detectable parameterization of system (47) for all
x(t) in t ∈ �+. In a similar way, pair of {A(0), Q1/2(0)} must be observable (detectable) without any
cause to violate that in t ∈ �+. Regarding the aforementioned assumption, observability matrix

MO =

⎡
⎢⎢⎢⎢⎢⎣

Q1/2

Q1/2A
Q1/2A2

...
Q1/2An̄−1

⎤
⎥⎥⎥⎥⎥⎦ .

must be fully ranked.
By constructing the Hamiltonian as follows:

H (x(t), u(t), λ(t)) = 1

2

(
xT (t)Q(x(t))x(t) + uT (t)R(x(t))u(t)

)
+ λT (t) (A(x(t))x(t) + g(x(t), u(t))) ,

and using the necessary optimality condition with λ(t) = K(x(t))x(t) , one can find the control law
as in the standard form of

u(t) = −R−1(x(t))BT (x(t))K(x(t))x(t). (51)

Using the other optimality condition,

∂H (x(t), u(t), λ(t))

∂x(t)
= −λ̇(t),
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and mathematical operations, following equation is provided:

λ̇(t) = −Q(x(t))x(t) − 1

2
xT (t)

∂Q(x(t))

∂x(t)

− 1

2
uT (t)

∂R(x(t))

∂x(t)
u(t) −

[
∂ (A(x(t))x(t))

∂x(t)

]T

λ(t) −
[
∂ (B(x(t))u(t))

∂x(t)

]T

λ(t).

By differentiation of λ(t) = K(x(t))x(t) with respect the time, one can get

λ̇(t) = K̇ (x(t)) x(t) + K (x(t)) ẋ(t) = K̇ (x(t)) x(t) + K (x(t)) A (x(t)) x(t)

−K (x(t)) B (x(t)) R−1(x(t))BT (x(t))K (x(t)) x(t).

Finally, equality of λ̇(t) results in

K̇ (x) x + 1
2 xT ∂Q(x)

∂x x + 1
2 uT ∂R(x)

∂x u +
[

∂(A(x)x)
∂x

]T

K (x) x

+
[

∂(B(x)u)
∂x

]T

K (x) x +
[

K (x) A (x) + AT (x) K (x)
−K (x) B (x) R−1(x)BT (x)K (x) + Q(x)

]
x = 0,

which can be divided to two sections: the SDRE which provides the suboptimal solution K(x(t))
given by

AT (x)K(x) + K(x)A(x) − K(x)B(x)R−1(x)BT (x)K(x) + Q(x) = 0, (52)

and the following part which is so called “the necessary condition for optimality”

K̇ (x) + 1
2

(
∂Q(x)

∂x x
)T

− 1
2

(
∂R(x)

∂x u
)T

R−1(x)BT (x)K(x)

+
[

∂(A(x)x)
∂x

]T

K (x) +
[

∂(B(x)u)
∂x

]T

K (x) = 0.

The stability of the SDRE controller could be checked by Lyapunov method. Introducing the
Lyapunov candidate as V (x(t), u(t)) = xT (t)K(x(t))x(t), and computing the time derivative of that

V̇ (x(t), u(t)) = ẋT (t)K(x(t))x(t) + xT (t)K(x(t))ẋ(t)
= (

Ax − BR−1BT Kx
)T

Kx + xT K
(
Ax − BR−1BT Kx

)
,

result in (note that in SDRE case K̇(x(t)) is zero):

V̇ (x(t), u(t)) = xT
(
AT K − KBR−1BT K + KA − KBR−1BT K

)
x,

and with substitution of AT K + KA − KBR−1BT K = −Q, following expression is found:

V̇ (x(t), u(t)) = −xT
(
Q + KBR−1BT K

)
x.

Considering that Q, R, and K are positive, and BBT is also positive, one could show that the
negative derivative of Lyapunov candidate is satisfied V̇ (x(t), u(t)) < 0.

Two methods for proposing solutions are possible: solving the SDRE m-times for each arm
independently and solving the SDRE once for entire system. The first case requires the input law for
each robot as

ui(t) = −R−1
i (xi(t))BT

i (xi(t))Ki(xi(t))xi(t) + uadd
i (t), (53)
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Table I. Dimensional comparison of two control approaches: independent subsystems and entire system.

(1): Independent State vector xi = [qT
i , q̇T

i ]T ; [xi]n̄×1

arms System’s matrices [Ai(xi)]n̄×n̄; [Bi(xi)]n̄×m̄

Weighting matrices [Qi(xi)]n̄×n̄; [Ri(xi)]m̄×m̄

Control law ui = −R−1
i (xi)BT

i (xi)Ki(xi)xi + uadd
i ; [ui]m̄×1

SDRE AT
i (xi)Ki(xi) + Ki(xi)Ai(xi) − Ki(xi)Bi(xi)R−1

i (xi)BT
i (xi)Ki(xi)

+Qi(xi) = 0; [Ki(xi)]n̄×n̄

(2): Entire State vector x = [qT
1 , ..., qT

m, q̇T
1 , ..., q̇T

m]T ; [x]mn̄×1

system System’s matrices [A(x)]mn̄×mn̄; [B(x)]mn̄×mm̄

Weighting matrices [Q(x)]mn̄×mn̄; [R(x)]mm̄×mm̄

Control law u = −R−1(x)BT (x)K(x)x + uadd; [u]mm̄×1

SDRE AT (x)K(x) + K(x)A(x) − K(x)B(x)R−1(x)BT (x)K(x)
+Q(x) = 0; [K(x)]mn̄×mn̄

where xi(t) is the states of ith manipulator. The suboptimal gain is also obtained from

AT
i (xi(t))Ki(xi(t)) + Ki(xi(t))Ai(xi(t))
− Ki(xi(t))Bi(xi(t))R−1

i (xi(t))BT
i (xi(t))Ki(xi(t)) + Qi(xi(t)) = 0.

(54)

For rigid joint case n̄ = 2n and for flexible joint arms n̄ = 4n are set; for both cases, the number
of actuators is similar m̄ = n. One can imagine a gain for entire system consisting of elements of
Ki(xi(t)) with zero non-block-diagonal arrays as

K(x(t)) =

⎡
⎢⎢⎢⎢⎢⎢⎣

K1(x1(t)) 0 · · · 0 0

0
. . . 0 · · · 0

... 0 Ki(xi(t)) 0
...

0 · · · 0
. . . 0

0 0 · · · 0 Km(xm(t))

⎤
⎥⎥⎥⎥⎥⎥⎦

mn̄×mn̄

. (55)

This point of view operates for each manipulator independently and system has m subcontroller.
Second approach has SDC matrices for entire system and solves the SDRE only once with following

control law:

u(t) = −R−1(x(t))BT (x(t))K(x(t))x(t) + uadd(t). (56)

This point of view implements the optimal control on entire system uniformly.
Analogy of two methods was presented in Table I. First case needs computation and solving

the Riccati equation m times which solvability of systems with respect to size of matrices is more
probable. Second case is hard to solve for systems with more than four manipulators and solution
might be more time consuming. The outputs of two methods are similar; however, for small system
of cooperation, uniform structure is recommended and for large number of manipulators independent
controllers seem suitable. In practical implementation, failure of one controller is not ruining the
performance of all system in independent controller design. Therefore, independent controller design
is recommended for experimental operations to preserve more safety for the system.

It can be observed that the SDRE equations, Eqs. (52) and (54), were used for the design as the
steady state form of the state-dependent differential Riccati equation (SDDRE):

−K̇(x(t)) = AT (x(t))K(x(t)) + K(x(t))A(x(t))
− K(x(t))B(x(t))R−1(x(t))BT (x(t))K(x(t)) + Q(x(t)),

based on the assumption that tf → ∞ and as a result K̇(x(t)) = 0. The SDDRE has several advantages
rather than the SDRE such as finite horizon control and providing a control gain considering transient
effect of the SDC matrices. However, the solution to the SDDRE is more difficult that the SDRE.
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Fig. 3. Two planar manipulators as a cooperative system.

Table II. Specifications of the planar arms.

Description Parameters Value Units

Length of left arm’s links al,1, al,2, al,3 1.5, 1, 0.25 m
Center of mass of left acl,1, acl,2, acl,3 0.75, 0.5, 0.125 m

arm’s links
Mass of links, left arm ml,1,ml,2,ml,3 2, 1.5, 1 kg
Moment of inertia of Izzl,1, Izzl,2, Izzl,3 0.375, 0.125, 0.00,520,833 kg.m2

links, left arm
Distant between bases d 1.5 m
Viscous friction for left arm bv

l,1, b
v
l,2, b

v
l,3 0.05, 0.04, 0.03 kg.m/s

Dynamic friction for left arm bd
l,1, b

d
l,2, b

d
l,3 0.005, 0.004, 0.003 kg.m2/s2

Static friction for left arm bs
l,1, b

s
l,2, b

s
l,3 0.0025, 0.002, 0.0015 kg.m2/s2

Small positive constant ε 0.1 –
Gravity in Y -axis direction g0 9.81 m/s2

Stall torque of left ustall,l,1, ustall,l,2, ustall,l,3 100, 85, 70 N.m
arm’s motors

No-load speed of left ωnl,l,1, ωnl,l,2, ωnl,l,3 5, 5.2, 5.5 rad/s
arm’s motors

Similar parameters for right arm are considered

Based on the situation that the trajectory tracking is just practiced in this current research and
the cooperative manipulators models are so complicated and massive, the SDRE was selected as the
controller.

4. Simulations

4.1. Cooperative system of three-DoF planar arms
Consider two rigid joint planar arms which carry a large object with mass and moment of inertia
presented in Fig. 3. Specifications of the manipulators are expressed in Table II.

On the one hand, the third link or third DoF provides redundancy for each arm; and on the other
hand, an additional DoF is needed for desired rotation of the object. Hence, the proposed structure is
suitable for planar motion of an object with desired orientation, illustrated in Fig. 3.

The arms are symmetric and parameters of right arm are similar to the left one by substituting l to r

index. To define inverse kinematics relations, the additional DoF of manipulator must be defined with
θl,1(t) + θl,1(t) + θl,3(t) = ψl(t). Regarding this constraint, end point of second link is expressed as
xe,l,2(t) = d + xe,l(t) − al,3 cos(ψl(t)) and ye,l,2(t) = ye,l(t) − al,3 sin(ψl(t)). The rest of calculation
is similar to conventional two-DoF planar arms. Right arm inverse equations are available only by
changing l to r index, except xe,r,2(t) = −d + xe,r (t) − ar,3 cos(ψr (t)).

Generalized coordinate of the system is ql(t) = {θl,1(t), θl,1(t), θl,3(t)} and qr (t) =
{θr,1(t), θr,1(t), θr,3(t)}; setting n = 3, generated from Eq. (2) with l and r indices instead of i.
State vector is set as x(t) = [qT

l (t), qT
r (t), q̇T

l (t), q̇T
r (t)]T12×1 based on Eq. (20), leads to state-space
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representation of system as

ẋ(t) =

⎡
⎢⎢⎣

q̇l(t)
q̇r (t)

M−1
l (ql)

{
ul + JT

l (ql)fe,l − cl(ql , q̇l) − gl(ql) − bl(q̇l)
}
,

M−1
r (qr )

{
ur + JT

r (qr )fe,r − cr (qr , q̇r ) − gr (qr ) − br (q̇r )
}
,

⎤
⎥⎥⎦

18×1

. (57)

Restrictions of DC motors are applied through

umax,i,j (t) = ustall,i,j − ustall,i,j

ωnl,i,j

q̇i,j (t), i = l, r; j = 1, 2, 3; (58)

umin,i,j (t) = −ustall,i,j − ustall,i,j

ωnl,i,j

q̇i,j (t), i = l, r; j = 1, 2, 3; (59)

where ustall,i,j is stall torque and ωnl,i,j is no-load speed of motor of j th link of ith arm. Details
of Eq. (57) are neglected such as elements of Mi(qi(t)), ci(qi(t), q̇i(t)) and gi(qi(t)). They are
computable using Lagrange method. Friction vector bi(q̇i(t)) is similar to Eq. (3) and Jacobian
matrix for computing desired trajectory in joint space is as follows:

Ji,des(qi,des(t)) =

⎡
⎢⎢⎢⎢⎢⎣

Ji,des(1,1)(qi(t)) Ji,des(1,2)(qi(t)) Ji,des(1,3)(qi(t))
Ji,des(2,1)(qi(t)) Ji,des(2,2)(qi(t)) Ji,des(2,3)(qi(t))

0 0 0
0 0 0
0 0 0
1 1 1

⎤
⎥⎥⎥⎥⎥⎦

6×3

, (60)

where

Ji,des,(1,1)(qi,des) = −al,1 sin(ql,des,1) − al,2 sin(ql,des,1 + ql,des,2) − al,3 sin(ql,des,1 + ql,des,2 + ql,des,3),
Ji,des,(1,2)(qi,des) = −al,2 sin(ql,des,1 + ql,des,2) − al,3 sin(ql,des,1 + ql,des,2 + ql,des,3),
Ji,des,(1,3)(qi,des) = −al,3 sin(ql,des,1 + ql,des,2 + ql,des,3),
Ji,des,(2,1)(qi,des) = al,1 cos(ql,des,1)+al,2 cos(ql,des,1 +ql,des,2)+al,des,3 cos(ql,des,1 +ql,des,2 +ql,des,3),
Ji,des,(2,2)(qi,des) = al,2 cos(ql,des,1 + ql,des,2) + al,3 cos(ql,des,1 + ql,des,2 + ql,des,3),
Ji,des,(2,3)(qi,des) = al,3 cos(ql,des,1 + ql,des,2 + ql,des,3).

Representative vector of desired path is

q̇i,des(t) = J+
i,des(qi,des(t))

⎡
⎢⎢⎢⎢⎢⎣

Ẋe(t)
Ẏe(t)

0
0
0

ωe(t)

⎤
⎥⎥⎥⎥⎥⎦ , (61)

in which Ẋe(t) is velocity component in X direction, Ẏe(t) for Y, and ωe(t) is desired angular velocity
of the object around Z axis; moreover, with respect to dimension of J, inverse of that can be computed
by J+ = (JT J)−1JT .

For computation of ith vector of external force, Eq. (4) is employed. With regard to dimension of
Jacobian matrix, generalized inverse of Ji(qi(t)) is available; however, the following term in Eq. (8):

(
m∑

i=1

(
JT

i (qi(t))
)+

Q̄−1
i

[(
JT

i (qi(t))
)+]T

)−1

, (62)
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is not invertible since there are so many zeroes in the midst of the matrix. So it is recommended
to reduce Jacobian to a square form whenever that is possible. For n<6, is it possible to reduce the
Jacobian matrix to square form. Reduced square form of Jacobian for this case study is

Ji(qi(t)) =
⎡
⎣Ji(1,1)(qi(t)) Ji(1,2)(qi(t)) Ji(1,3)(qi(t))

Ji(2,1)(qi(t)) Ji(2,2)(qi(t)) Ji(2,3)(qi(t))
1 1 1

⎤
⎦

3×3

, (63)

where the arrays of that are similar to Eq. (60) substituting (·)i,des index with (·)i . As a result, external
force provided by moving object is changed from Eq. (1) into

fe(t) = −
⎡
⎣ mpẌe(t)

mp(Ÿe(t) + g0)
Izz,pω̇e(t) + Izz,pω2

e (t)

⎤
⎦ , (64)

in which Izz,p = mp(b2 + l2)/12. The SDC parameterization can be shaped using Eqs. (22) and (23).
Circular trajectory: Desired trajectory is a circle of 0.5m radius, placed in (0, 0) coordinates to be

tracked in tf = 3π/2s. Equation of the trajectory is Xe(t) = 0.5 cos tand Ye(t) = 0.5 sin t . Rotation
of 90◦ in counter-clockwise direction was defined as desired orientation, the angular velocity of the
expression is in the form of ωe(t) = 160

81π4 t
4 − 160

27π3 t
3 + 120

27π2 t
2. Configuration of arms with respect to

system’s coordinates suggests ψl(t) = 0 and ψr (t) = πrad as initial orientation of third links. This
setting results in following initial conditions using inverse kinematics equations:

ql(t) = {−0.6069, 1.6333, −1.0265}rad, qr (t) = {−2.5074, −2.6811, 8.3301}rad,

q̇l(t) = q̇r (t) = 03×1rad/s.

First approach of SDC parameterization (independent control) is used for simulation. Weighting
matrices of the SDRE were selected as

Ql = Qr = 10, 000 ×
[

I3×3 03×3

03×3 03×3

]
, Rl = Rr = 0.001 × I3×3.

To show the superiority of the proposed method, the dynamic load carrying capacity index was
assessed. The DLCCs of two separated arms were computed in the same path which resulted in 1.09 kg
load capacity for the left and 2.29 kg for the right arm, total load is 3.38 kg. It should be remarked that
touching the upper or lower bound of actuators defines load carrying capacity. Possessing same control
parameters and similar total load of mp = 3.38 kg, but in cooperative form with equal distribution
matrices Q̄l = Q̄r = I3×3, show reduction of end-effector errors: 24% for left and 29% for right arm
which are presented in Fig. 4. These reductions were happened while the consumption of energy was
reduced as well, illustrated in Fig. 5.

Load distribution opportunity changed the share of load in a way that both arms’ actuators touched
their upper or lower bounds, while control parameters remained the same. This led to selection of
Q̄l = 0.49 × I3×3 and Q̄r = I3×3 which resulted in total load of mp = 10.2 kg, almost three times of
independent arms. Trajectories and links’ configurations are illustrated in Fig. 6. First motor of left
and third motor of right arm touched their allowable bounds, presented in Figs. 7 and 8.

Discussions on clustering term in control law: The optimal SDC design of Section 3.3 is
considered for analyzing the effect of clustering terms of SDC matrices in control law. The joint
space variation of this circular motion in Fig. 6 faces singularity for third link of left arm at 3.34 s,
see Fig. 9. As a result, instead of diagonal form of optimal SDC (44) and (45), one should use the
second option of �(x(t)) (46) as

�l(x(t)) =

⎡
⎢⎢⎣

uadd
l,1 (t)

ql,1(t) 0 0
uadd

l,2 (t)
ql,1(t) 0 0
uadd

l,3 (t)
ql,1(t) 0 0

⎤
⎥⎥⎦ , �r (x(t)) =

⎡
⎢⎢⎣

uadd
r,1 (t)

qr,1(t) 0 0
uadd

r,2 (t)
qr,1(t) 0 0
uadd

r,3 (t)
qr,1(t) 0 0

⎤
⎥⎥⎦ .
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Fig. 4. End-effector error of planar cooperative arms in comparison with separated arms; (1) left cooperative
arm; (2) right cooperative arm; (3) left independent arm; (4) right independent arm.
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Fig. 5. Comparison of input norms between cooperative and independent arms (legends same as Fig. 4).
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Fig. 6. Trajectories and links’ configuration of left and right arm in cooperation with mp = 10.2 kg.

Simulations of the both cases show that the remarks in Section 3.3 is true as one can see that the
norm of control inputs started from zero in case of optimal SDC design in Fig. 10, and the difference
in the norms are not so much.

Linear path: This trajectory is designed to show the similar output of two proposed SDC
parameterizations of Section 3.1. Trajectory is a symmetric line with respect to Y -axis which
starts from (0, −0.5) m and ends to (0, 0.5) m in 5 s. The path can be expressed by Xe(t) = 0 and
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Fig. 7. First input of left arm.

0 1 2 3 4
-100

-50

0

50

100

t (s)

u r3
(t

)

 

 

Upper Bound
Lower Bound
τr3(t)

Fig. 8. Third input of right arm.
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Fig. 9. Joint variation of left arm in circular motion.

Ye(t) = 6/625t4 − 12/125t3 + 6/25t2. Ninety degrees counter-clockwise rotary motion is required
which its angular velocity of that is in the form of ωe(t) = 3

625π
t4 − 6

125π
t3 + 3

25π
t2, and then the

initial conditions can be set

ql(0) = {−1.0907, 2.0705, −0.9798}rad, qr (0) = {−2.0509, −2.0705, 7.2630}rad,

q̇l(0) = q̇r (0) = 03×1rad/s.

The rest of the controller and distribution matrices are similar to circular motion case, except mass
of the object. Tracking of separated arms resulted in 3.515 kg load for the left and 3.21 kg load for the
right arm; totally 6.725 kg. Regarding 6.725 kg load for cooperative system and equal sharing of load,
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Fig. 10. Comparisons of optimal and general SDC design for norm of control inputs.
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Fig. 11. Comparison of end-effector error of cooperative system with independent arms; (1) left cooperative
arm, (2) right cooperative arm, (3) left independent arm and (4) right independent arm.
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Fig. 12. Trajectory and configuration of planar arms in linear motion.

error of left arm reduced 40% and right one 19%, presented in Fig. 11. Symmetric path suggested
equal results for both arms, though the desired orientation changed this balance.

The distribution option of the OLD divides the loads till both arms reach their bound of actuators.
The weighting matrices of load distribution were selected as Q̄l = 0.69 × I3×3 and Q̄r = I3×3 which
increased the DLCC to mp = 10.67 kg almost 1.5 times more than separated system. The trajectory
and configuration of the arms are shown in Fig. 12.



www.manaraa.com

Control of cooperative manipulators using SDRE 505

Table III. The D–H parameters of the seven-DoF arm.

Joint d (m) a (m) θ (rad) α (rad) Home

1 d1 0 q1(t) −π /2 0
2 d2 0 q2(t) π /2 0
3 d3(t) 0 0 0 0.2 m
4 d4 0 q4(t) −π /2 0
5 0 a5 q5(t) π /2 −π /2 rad
6 0 0 q6(t) -π /2 0
7 0 a7 q7(t) π /2 0

Table IV. The seven-DoF arm’s specifications.

Link m (kg) a (m) ac (m) d (m) dc (m) bv
l (kg.m/s) bd

l (kg.m2/s2) bs
l (kg.m2/s2)

1 2 0 0 0.5 0.25 0.05 0.005 0.0025
2 1.5 0 0 0.5 0.25 0.05 0.005 0.0025
3 1 0 0 – – 0.04 (kg/s) 0.004 (kg.m/s2) 0.002 (kg.m/s2)
4 0.75 0 0 0.3 0.15 0.04 0.004 0.002
5 0.75 0.25 0.125 0 0 0.03 0.003 0.0015
6 0.5 0 0 0 0 0.02 0.002 0.001
7 0.25 0.2 0.1 0 0 0.01 0.001 0.0005

The first control approach for implementation was based on independent control of each arm.
In an event of failure in motion tracking of one arm, only performance of that subsystem drops
and other subsystems continue their work. The distribution was done by the OLD. The second
approach designed a uniform controller for entire system in which if an arm fails to finish its task,
the entire system will fail. In ordinary situation, both approaches provide the same output, but with
different computation time. In singularity points, independent system only quits the singular-situated
manipulator, though the uniform system in the same event shuts down the entire work.

4.2. Complex robotic system: four complex manipulators in cooperation
The load distribution expressions for dividing the load out between arms with the aim of Jacobian
matrix and generalized inverse was presented; since Eq. (62) in Section 4.1 was not found invertible,
the reduction of jacobian Ji(qi(t)) to square form when DoF of robot is less than six was proposed
as a remedy. For manipulators with more than six DoF, non-square Jacobian exists again, but this
section shows that Eq. (62) is invertible for this type of systems (n > 6); representative of complex
manipulators in cooperation. Consider four manipulators, each one with seven DoF (non-square
Jacobian) placed in corners of a square with edge of 2d = 0.8 m. First arm is set in third quarter of
X–Y plane of Cartesian coordinates, the second arm is placed in second quarter, third arm in first,
and fourth manipulator in fourth quarter. Robots are identical and the D–H parameters of them are
expressed in Table III. The mass, inertia, and friction data of robots are also presented in Table IV;
and moreover, ε = 0.1, gravity is in Z-axis direction g0 = 9.81 m/s2, and external load is regarded
mp = 5 kg.

A helical trajectory with center of (0, 0) in XY plane and height of 0.5 m was designed to be
tracked in tf = 2πs, which following relations present the motion:

Xe(t) = 0.2 cos t, Ye(t) = 0.2 sin t, Ze(t) = 0.01t.

The initial condition was selected as

q1(0) = {0.4489rad, 0.889rad, 0.2535m, 0rad, 0rad, 0rad, 0rad},
q2(0) = {5.5561, 0.889, 0.2535, 0, 0, 0, 0}, q3(0) = {4.0232, 0.575, 0.1, 0, 0, 0, 0.953},
q4(0) = {1.8089, 0.575, 0.1, 0, 0, 0, 0.953}, q̇1(0) = q̇2(0) = q̇3(0) = q̇4(0) = 07×1.
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The weighing matrices for controller design and distribution rate were chosen as Qi = 10000 ×
diag(11×7, 01×7), Ri = 0.001 × I7×7, and Q̄i = I7×7 for i = 1, ..., 4. The dynamic matrices and
vectors along with Jacobian are to be found (in symbolic form) by applying the D–H parameters
of Table III in general dynamic program, “Section 4.1” of ref. [22]. The trajectories of arms and
configuration of links and errors of end-effectors are illustrated in Figs. 13 and 14.

Regarding the size of the manipulators, the accuracy of system is evaluated good and can be even
better with changing weighting matrices. This case study shows capability of the proposed formulation
for implementing on complex systems as well as a representative for systems with prismatic joints.
Moreover, inevitability of Eq. (62) for non-square Jacobian matrix was shown.

4.3. Cooperative Scout robot
4.3.1. Two arms each one three DoF. This section considers Scout robot as a cooperative system with
two arms each one three DoF to prepare a study for simulation and experimental validation. Robot
and schematic of this system are presented in Fig. 15. As it was mentioned, each arm of Scout has
five DoF which reduced to three DoF for the sake of experimental implementation. Hence, two last
motors were fixed during the simulation and experimental tests.

Type of arms is PUMA and the D–H parameters and physical specifications of them are presented
in Tables V and VI. Regarding the direction of Y -axis in Fig. 15, the right arm is in negative part of
that axis.
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Fig. 15. Scout robot and its schematic with three-DoF modeling.

Table V. The D–H parameters of Scout in three-DoF model.

Joint d (m) a (m) θ (rad) α (rad) Home

1 d1 = 0.06 0 q1(t) −π /2 0
2 0 a2 = 0.1 q2(t) 0 0
3 0 a3 = 0.21 q3(t) 0 0

Table VI. Specifications of Scout in three-DoF model.

Description Parameters Value Units

Mass of links m1,m2,m3 0.028, 0.1, 0.231 kg
Moment of inertia of first link Ixx1, Iyy1, Izz1 Constant, 0.0005, Constant kg.m2

Moment of inertia of second link Ixx2, Iyy2, Izz2 0.000016, 0.000034, 0.000021 kg.m2

Moment of inertia of third link Ixx3, Iyy3, Izz3 0.000923, 0.000915, 0.000085 kg.m2

Distant between bases d 0.08 m
Viscous friction bv

l,1, b
v
l,2, b

v
l,3 0.02, 0.02, 0.02 kg.m/s

Dynamic friction bd
l,1, b

d
l,2, b

d
l,3 0.01, 0.01, 0.01 kg.m2/s2

Static friction bs
l,1, b

s
l,2, b

s
l,3 0.005, 0.005, 0.005 kg.m2/s2

Small positive constant ε 0.02 –
Gravity in Z-axis direction g0 9.81 m/s2

Stall torque of motors ustall,l,1, ustall,l,2, ustall,l,3 0.55, 0.96, 0.96 N.m
No-load speed of motors ωnl,l,1, ωnl,l,2, ωnl,l,3 5.85, 3, 3 rad/s

The end-effector positions are expressed as follows:

Xe,i(t) = cos(θi,1)(cos(θi,2)a3 cos(θi,3) − sin(θi,2)a3 sin(θi,3) + a2 cos(θi,2)),
Ye,i(t) = sin(θi,1)(cos(θi,2)a3 cos(θi,3) − sin(θi,2)a3 sin(θi,3) + a2 cos(θi,2)),
Ze,i(t) = − sin(θi,2)a3 cos(θi,3) − cos(θi,2)a3 sin(θi,3) − a2 sin(θi,2) + d1,

and the inverse kinematics of them are as follows:

θi,1(t) = arctan(Ȳe,i(t)/Xe,i(t)),

θi,3(t) = arccos
X2

e,i (t)+Ȳ 2
e,i (t)+(Ze,i (t)−d1)2−a2

2−a2
3

2a2a3
,

θi,2(t) = − arctan Ze,i (t)−d1√
X2

e,i (t)+Ȳ 2
e,i (t)

− arctan a3 sin θi,3(t)
a2+a3 cos θi,3(t) ,

for i = l, r regarding that Ȳe,l(t) = −d + Ye,l(t) and Ȳe,r (t) = d + Ye,r (t) are held. The rest of the
dynamics equation, Jacobian, and etc. could be derived by general code in “Section 4.1” of ref. [22].
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Fig. 16. Scout trajectory with three-DoF modeling.

The state vector of the system is

x(t) = [θl,1(t), θl,2(t), θl,3(t), θr,1(t), θr,2(t), θr,3(t), θ̇l,1(t), θ̇l,2(t), θ̇l,3(t), θ̇r,1(t), θ̇r,2(t), θ̇r,3(t)]T ,

which results in state-space representation of system as Eq. (57), but with different values. The
limitations of motors are similar to Eqs. (58) and (59) with regard to Table VI.

The path is a line between (0.1, 0, 0.15) m and (0.05, 0, 0.3) m in Cartesian coordinates which is
to be tracked in 3 s, symmetric to Y -axis and can be defined by

Ẋe,i(t) = −1/162t4 + 1/27t3 − 1/18t2, Ẏe,i(t) = 0, Że,i(t) = 1/54t4 − 1/9t3 + 1/6t2,

which led to the following initial conditions:

ql(0) = {−0.6747, −2.4951, 2.3529}rad, qr (0) = {0.6747, −2.4951, 2.3529}rad, q̇l(0)

= q̇r (0) = 0 rad/s.

Control and distribution weighting matrices were set as Ql = Qr = 100 × diag(11×3, 01×3), Rl =
Rr = 0.01 × I3×3, and Q̄l = Q̄r = I3×3. First, separated arms were simulated to find the capability of
conventional systems, resulted in load capacity of me,l = me,r = 0.279 kg. The errors of two arms in
that case were less than 2 mm and maximum norm of inputs were gained |ul|max = |ur |max ≈ 0.9 Nm
which touching of third actuator defined the aforementioned load. With the aim of the OLD method,
total load for cooperative system resulted in mp = 2 × 0.279 = 0.558 kg, with maximum error of
0.75 mm and maximum norms of inputs as |ul|max = |ur |max ≈ 0.84 Nm. The effect of the OLD
method is showing off more on error reduction (62.5%) rather than energy consumption. The load
capacity increased to mp = 0.737 kg, keeping the maximum norms of inputs as |ul|max = |ur |max ≈
1.04 Nm and error of 0.75 mm. Once again, the third motor touched its bound to define the DLCC,
but increasing the norm of input was due to increase in torque of first motor for providing more
stability in motion. The end-effector trajectory and configuration of links are shown in Fig. 16. Norm
of inputs for three cases and error of gripper are illustrated in Figs. 17 and 18. Third input of left arm
is presented in Fig. 19 which is similar to the right arm as well.

4.3.2. Flexible joint model of two cooperative arms of Scout. The flexible joint model increases the
size of state vector twice. The schematic model of flexible case is shown in Fig. 20.
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The state vector is considered as

x(t) = [
(
ql

l(t)
)T

,
(
ql

r (t)
)T

,
(
qm

l (t)
)T

,
(
qm

r (t)
)T

,
(
q̇l

l(t)
)T

,
(
q̇l

r (t)
)T

,
(
q̇m

l (t)
)T

,
(
q̇m

r (t)
)T

]T24×1,

where ql
l(t) = {ql,1(t), ql,2(t), ql,3(t)} and qm

l (t) = {ql,4(t), ql,5(t), ql,6(t)}. The state-space equation
of system is similar to Eq. (33) with n = 3 (number of DoF in rigid case) and m = 2 number of
arms with i = r, l indices for right and left arm. The SDC parameterization matrices are similar to
Eqs. (34)–(37). The new parameters with respect to rigid joint case, Section 4.3.1, are joint flexibility
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Fig. 20. The schematic view of scout arm with three-DoF model.21
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Fig. 21. Input torque of flexible joint model of Scout.

parameters: spring constants and rotors’ inertia defined as Ji,j = 0.05 kgm2 and k̃i,j = 100 Nm/rad
for i = l, r and j = 1, 2, 3.24 The rest of conditions are identical to Section 4.3.1. The load capacity
due to oscillation of joint reduced to mp = 0.5 kg and the error increased to 4 mm. The trajectories
of arms are similar to Fig. 16 with 2 mm more error which does not express the oscillations. Inputs
of the system are shown in Fig. 21. Oscillation of third link first touched the lower bound and as a
result defined the DLCC. The results show that flexible joint model provides more real outputs near
the experimental tests in Section 5.
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Fig. 22. Details of experimental setup of Scout robot.

5. Experimental Study: Scout Robot
Scout robot was subjected to experimental tests for cooperative motion. The objective was to show that
the proposed method is applicable for real systems and to validate the obtained simulation data. Scout
has two arms which each one has five DoF. The actuators of arms are Hitec servomotors; HS645MG
for first links of left and right and HS322HD for other links. Three external potentiometers for each
arm were set to record the variation of links during the motion, presented in Fig. 22. It was not easy
to install potentiometers for fourth and fifth links; hence, main results and discussions in simulation
parts were gathered for reduced 3R model in Sections 4.3.1 and 4.3.2.

The Arduino Mega 2560, the processor of Scout, is a microcontroller digital board based on the
ATmega2560. It has 54 digital input/output pins (of which 15 can be used as PWM outputs), 16
analogue inputs, 4 UARTs (hardware serial ports), a 16 MHz crystal oscillator, a USB connection,
a power jack, an ICSP header, and a reset button. The Arduino board has so many prepared
libraries to help users for programming the system and showed its effectiveness in different digital
applications.26,27 These options motivated us to select it as the main processor for computations and
communications.

A Hitec servo motor has internal feedback which drives a proportional-integral-derivative loop that
cannot be modified. This helps to work with the robot easily though limits the application of the system
drastically such as accepting only position as an input command to a servo motor. The necessary
library for common drive of servomotors is “Servo” which allows only the position command as

myservo.write(90); // set servo to mid-point

where 90◦ input may change between 0–180. This is a drawback since one needs to change the speed
of motion. Recently, a new library, “VarSpeedServo”, was released which provided variable speed
control of servomotors. This command permits to define the speed of motion as

myservo.write(90, 30, true); // move to 90 degrees, use a speed of 30.

Using the proposed elements, hardware and software, one could track the proposed trajectory in
Section 4.3.1. Here, “30” is a constant speed for servo motor motion. The speed could vary between
1–255, which 1 sets the slowest speed and 255 sets the fastest possible one. In order to implement the
SDRE, its output in “Nm” scale must be mapped to PWM limits of 0–255. The command “map” for
Arduino performs it easily. We inserted the output of the SDRE control law after changing its scale to
PWM as a variable speed of motion. Two methods are available for calculation of the SDRE which
will be expressed with more details.

There are three steps for implementation of the SDRE on Scout robot. First, the control law of the
SDRE must be calculated. Most computational methods for solving Riccati equation are numerical,
capable of experimental implementation.21 Numerical solution to the SDRE leads to a time-varying
suboptimal gain for a specific trajectory; another path needs another numerical solution.21 Power
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Fig. 23. Implementation steps of the SDRE controller.
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Fig. 24. Joints variation of Scout: simulation and experiment.

series approximation (PSA) is a solution method to the SDRE as well.20 Using the PSA, one may find
the control law as a nonlinear function that can be used for any given trajectory. The PSA method is
used to generate control law of Scout robot as a non-linear function to complete the first step. The
details of the PSA ought to be found in ref. [20]. Second step is mapping the torque scale of SDRE’s
output to PWM input command of servo motor. The last step is sending the data to motors. The
implementation steps of this section are shown in Fig. 23.

The trajectory was divided to 20 points to be tracked in 3 s. The time step of experiment was set
50 ms as well. Similar to simulation results, the comparison of single free arm motion and cooperative
motion was carried out. Left arm could carry 0.09 kg independently with peak of 14 mm error. The
joints variations and error of end-effector were presented in Figs. 24 and 25. More loads results in
failure in motion and large downward deflection of arm.
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For cooperative motion, both arms pulled the load upward after contact to track the predefined
path. The manipulators could carry 0.3 kg load in cooperative motion. The peak of error in 3 s was
less that 20 mm. Trajectories are illustrated in Fig. 26.

There are not so many options to implement non-linear controllers on servomotors practically. A
new point of view for implementation of non-linear controllers, specially the SDRE, was proposed to
close the practical tests to theoretical data and simulations. This approach might be used for other non-
linear controllers as well. The experimental results were obtained a little different from simulations,
but the fact that cooperation increases the load capacity more than two times of independent robots
was confirmed.

6. Conclusions
This research presented cooperative control of manipulators using a SDRE in a general approach. The
contact of the arms with the object imported constraints and complexity into the problem. The optimal
load distribution method was used to split the load between arms and provided the opportunity to
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share the load at the desired rate in the system. The dynamics and control of arms were investigated
using independent and uniform control for m arms, each possessing n-DoF.

Manipulators with rigid and flexible joints were considered in the dynamics. State-dependent
coefficient parameterization is an important step in design using the SDRE method. The proper
choice of SDC leads to the solution of the SDRE. Parameterization of independent systems for each
arm and a uniform SDC form for the entire cooperative system were introduced. The major differences
between these types are the time required for a solution and the number of Riccati equations. The first
case solved m SDRE, but the second case only solved a large SDRE. The intention of cooperation
was and is to increase load capacity as an important index of the manipulators; however, stability in
motion and reduction of error were promising result from the simulations.

A three DoF planar arm was simulated to carry a lumped or distributed mass by orientation of the
object. The load capacity in circular motion resulted in a 3.38 kg load for both free arms; cooperation
increased the load almost three-fold to mp = 10.2 kg. Simulation of Scout robot in 3D space, where
the touch of an actuator bound defined the load capacity, resulted in me,l = mm,r = 0.279 kg for each
arm because the trajectory was designed symmetrically. The error for each arm was less than 2 mm.
This value for cooperation was 0.75 mm and an increase of mp = 0.737 kg in loading.

The flexibility of the joints provided real results that were nearer to practical test results. This
assumption in modeling reduced the load capacity to mp = 0.5 kg with less than 4 mm of error.
The results confirmed that cooperation improved load capacity and reduced the error accompanied
by stability in motion. The SDRE controller successfully tracked a predefined path, could handle
complex systems, and advanced to control of four arms, each one seven DoF (84 states). Diverse
simulations and easy implementation were the consequences of the proposed precise formulation.

Supplementary Material
To view supplementary material for this article, please visit https://doi.org/10.1017/
S0263574717000522
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